Abstract. Spiders are arthropods that can be distinguished from their closest relatives, the insects, by counting their legs. Spiders have 8, insects just 6. Spider graphs are a very restricted class of graphs that naturally appear in the context of cograph editing. The vertex set of a spider (or its complement) is naturally partitioned into a clique (the body), an independent set (the legs), and a rest (serving as the head). Here we show that spiders can be recognized directly from their degree sequences through the number of their legs (vertices with degree 1). Furthermore, we completely characterize the degree sequences of spiders.
Introduction
Determining the evolutionary history of species based on sequence information is one of the main challenges in phylogenomics. Recent advances in phylogenetics have shown that cographs play a crucial role in order to clean up orthology, resp., paralogy data, i.e., estimates of pairs of genes that arose from a speciation, resp., duplication event in the gene tree [4, 5] . However, the (decision version of the) problem to edit a given graph into a cograph is NP-complete [9, 10] . Nevertheless, the cograph editing problem can be solved in polynomial time, whenever the graph under investigation is so-called P 4 -sparse [9, 10] . The structure of P 4 -sparse graphs can be characterized in terms of so-called spiders [7, 8] . Hence, the cograph editing problem can be rephrased as a "spider editing problem". To address the spider editing problem in future work, we give in this contribution a full characterization of spiders in terms of their degrees and respective degree sequences.
Preliminaries
We consider only simple graphs G = (V, E). The degree deg G (v) of a vertex v ∈ V is defined as the number of edges that contain v. If there is no risk of confusion we write simply deg(v) instead of deg G (v). The degree sequence (n 0 , n 1 , n 2 . . . , n w ) is a list of non-negative integers. A degree sequence is graphical, if it can be realized by a graph, i.e., if there is a graph G s.t. there are exactly n k vertices with degree k in G. Of course, for simple graphs we have n k = 0 for k ≥ |V |. It is well-known that one can verify in polynomial time, whether a degree sequence is graphical, either by means of the Havel-Hakimi algorithm [3, 2] or by using the Erdős-Gallai Theorem [1] .
A graph H is a subgraph of a graph G, in symbols V (H). The complement G of a graph G = (V, E) has vertex set V and edge set E = {xy | xy ∈ E for all distinct x, y ∈ V }. A graph G is called P 4 -sparse if every set of five vertices induces at most one P 4 (chordless path on four vertices) [6] . The efficient recognition of P 4 -sparse graphs is intimately connected to spider graphs, as the next lemma shows.
Lemma 2.1 ([7, 8].). A graph G is P 4 sparse if and only if exactly one of the following three alternatives is true for every induced subgraph H of G: (i) H is not connected, (ii) H is not connected, or (iii) H is a spider
Spiders come in two sub-types, called thin and thick. Definition 2.2. [8, 11] A graph G is a thin spider if its vertex set can be partitioned into three sets K, S, and R so that (i) K is a clique; (ii) S is a stable set; (iii) |K| = |S| ≥ 2; (iv) every vertex in R is adjacent to all vertices of K and none of the vertices of S; and (v) each vertex in K has a unique neighbor in S and vice versa. A graph G is a thick spider if its complement G is thin spider.
The sets K, S, and R are usually referred to as the body, the set of legs, and head, resp., of a thin spider, see Fig. 1 . The path P 4 is the only graph that is both a thin and thick spider.
Results
Spider graphs have characteristic degree sequences. Suppose G is a thin spider. It follows directly from the definition that deg(x) = 1 for all x ∈ S: The leg x is adjacent to a single body vertex and to none of the head vertices (Condition (iv) and (v)). Each body vertex x ∈ K has deg(x) = |K| + |R|, since it is adjacent to 1 leg, all |K| − 1 other body vertices, and all |R| head vertices. For a head vertex x ∈ R we have |K| ≤ deg(x) ≤ |K| + |R| − 1 since it is adjacent at least to all body vertices and at most to all body and head vertices except itself. As |K| + |R| = |V | − |S| we can rephrase these observations in the following form, which have in parts already be discovered in Our main result is that this condition is also sufficient to identify thin spiders:
Theorem 3.2. A graph G = (V, E) with vertex set V is a thin spider if and only if there is an integer s ≥ 2 so that G has exactly s vertices of degree 1 and exactly s vertices of degree |V | − s.
Proof. The "only if" part of this statement is a consequence of Lemma 3.1. Hence, consider a graph G with s ≥ 2 nodes with degree 1 and s nodes of degree |V | − s. Define K := {x ∈ V | deg(x) = |V | − s} as the set of body and S := {x ∈ V | deg(x) = 1} as the legs. Claim 1. For each body vertex x ∈ K there is a unique leg y ∈ S so that xy ∈ E. If x is not adjacent to a leg y ∈ S then it has at most |V | − |S| − 1 neighbors, a contradiction. Thus, every body vertex x ∈ K has at least one adjacent leg y ∈ S. Since |K| = |S| by assumption, every body node is adjacent to exactly one leg. ⊳ This establishes property (v).
Claim 2. Every body vertex x ∈ K is adjacent to all non-leg vertices y ∈ V \ S, except itself. Since deg(x) = |V | − |S| and one of the neighbors of x is a leg, it is adjacent to |V | − |S| − 1 non-leg vertices. There are in total |V | − |S| non-leg vertices, i.e., |V | − |S| − 1 non-leg vertices other than x itself. Since x cannot be adjacent to itself, it is adjacent to all other non-leg vertices. ⊳ It follows that K forms a clique in G, i.e., property (i) holds. Furthermore every head node z ∈ R := V \ (K ∪ S) is connected to every body node and to none of the legs, i.e., property (iv) holds. Conditions (ii) and (iii) are satisfied by construction, thus G is a thin spider.
Since the complement of a thick spider is a thin spider and vice versa, the characterization of thin spiders immediately implies a characterization of thick spiders because deg G (x) + deg G (x) = |V | − 1. It follows that a thick spider has |S| body vertices of degree |V | − 2 and |S| leg vertices of degree |S| − 1. 
A sequence (n 1 , . . . , n j , . . . , n |V |−1 ) is the degree sequence of a thick spider if and only if (n |V |−1 , . . . , n |V |−1−j , . . . , n 1 ) is the degree sequence of a thin spider.
Proof. Let Π be realizable by a thin spider. Theorem 3.2 implies Conditions (i). As already observed, the |V | − 2|S| head vertices of a thin spider have degrees in the range from |S| to |V | − |S| − 1, that is reflected by the given degrees of Π ′ in Condition (ii). Moreover, since Π is the degree sequence of a thin spider G, R induces a subgraph of G and each vertex in R has s neighbors in K, we can conclude that Π ′ is a graphical degree sequence. Note, from the algorithmic point of view, Condition (ii) can easily be checked by the Erdős-Gallai Theorem [1] . Now assume that there are integers s ≥ 2, v ≥ 4, s < v so that Conditions (i) and (ii) are fulfilled for Π. We construct a spider from the graph (V, E) with |V | = v and E = ∅. Choose a subset K ⊆ V with |K| = s, S ⊆ V \ K with |S| = s, and set R = V \ (K ∪ S). Now, add edge xy to E for all distinct x, y ∈ K, choose a bijection f : K → S and add xf (x) to E for all x ∈ K and finally add edge ab to E for all a ∈ K, b ∈ R. Clearly, the construction is feasible in terms of Condition (i) and (ii), and fulfills the properties of a thin spider. Finally, Condition (ii) also ensures that R induces itself a graph, that can be constructed with the Havel-Hakimi algorithm [3, 2] .
The result for thick spiders follows by observing that the degree sequence of G is related to the degree sequence of G vian k = n |V |−1−k for 0 ≤ k < |V | − 1.
